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In this article, a robust algorithm for prediction of forming limit diagrams (FLD) has been presented. The
presented model is based on the ‘‘Marciniak and Kuczynski’’ (M-K) theory. Solution to the system of
equations has been obtained by applying the Newton�s method. Since the Newton�s method usually has
nonconverging problem, a particular backtracking algorithm has been developed and applied. In this
algorithm, a technique for step length selection in the frame of gradient descent method has been imple-
mented. Also for the convergence criterion the so-called ‘‘Armijo’’ condition has been used. For verification
of the results, BBC2000 yield function and Swift hardening law for AK steel metal have been used. To
obtain the necking angle, the effect of groove orientation on the left- and right-hand sides of FLD has been
considered. Finally, the predicted FLD has been compared with the published experimental results.

Keywords backtracking, BBC2000 yield function, convergence,
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List of symbols

r Cauchy stress tensor

r1;r2 principal stress components

rnn;rtt;rnt stress components in the groove coordinate
�rY effective stress obtained from hardening law
�ry effective stress obtained from yield function

e0;K; n;m material constants

a,b,c,M,N,P,Q,R material constants
�e; _�e effective plastic strain and its rate

d�e effective plastic strain increment

de strain increment tensor

denn; dett; dent strain increments in the groove coordinates

de1; de2;de3 strain increments in the material coordinates

a ratio of stresses along the strain path

q ratio of strain increments along the strain path

T rotation matrix

dk plastic multiplier

Fnn, Fnt force equations in the groove directions

f inhomogeneous factor

dx Newton�s step
J Jacobian matrix

h angle between the groove coordinates and the

material coordinates

k Newton�s step length

1. Introduction

Theoretical studies in the analysis of sheet metal failures are
referred in the forming limit diagrams (FLD) which were first

conceptually introduced by Keeler (Ref 1) and Goodwin (Ref
2). Generally these diagrams represent the limit strains that a
sheet can resist against the splitting. Since extracting the FLD
experimentally is cost and time consuming. Many researchers
have tried to obtain these diagrams theoretically. Marciniak and
Kuczynski (M-K) (Ref 3, 4) developed a FLD model for
localized necking which contains an initial thickness imperfec-
tion in the form of a groove. This model is a perfect method for
prediction of FLD. Based on this model, the effects of yield
functions have been studied by several authors. Slota and
Spisak (Ref 5) used Hill�s 1993 yield function. Banabic et al.
(Ref 6) used BBC2003 yield function in M-K model. Banabic
and Dannenmann (Ref 7) used the Hill�s 1993 and M-K model
for the calculation of the limit strains. Huang et al. (Ref 8) used
Hill�s quadratic anisotropic yield criterion. Kuroda and Tverg-
aard (Ref 9) investigated the influence of different orthotropic
yield functions in the M-K model. Cao et al. (Ref 10) predicted
localized thinning of sheet metal using Karafillis and Boyce
yield function based on the M-K model.

In the process of prediction of FLD by M-K method, the
system of equations basically consists of equilibrium, compat-
ibility, and energy balance equations. These equations are
composed of some variables which are mainly the stress and
strain components. To simplify the numerical solution, some
researchers used only the equilibrium equations and Runge-
Kutta numerical method (Ref 11, 12). For the system of
equations with more than one variable, the Runge-Kutta
numerical method will no longer be valid. For such cases,
usually the Newton�s method is more applicable. In most cases,
several researchers applied the Newton�s method for only two
equilibrium equations (Ref 10, 13). Some authors used the
compatibility and yield surface equations with application of
Newton�s method (Ref 14, 15). However, in all these cases,
sometimes Newton�s method shows nonconverging problem.
Thus using this method alone in the solution does not guarantee
the robustness of the algorithm.

In this article, the M-K model with Newton�s method has
been applied for prediction of FLD. The complete system of
equations including four variables has been considered. To
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guarantee the convergence of solution, a particular backtrack-
ing technique has been included in the Newton�s method. The
technique has shown significant influence on the converging of
the results. Also the so-called ‘‘BBC2000’’ yield function has
been considered in the system of equations. The procedure has
been applied for prediction of FLD in AK steel and the results
have been compared with the published experimental results.

2. Marciniak and Kuczynski Model

In this article, calculations of limit strains are based on
‘‘Marciniak and Kuczynski’’ (M-K) (Ref 3) theory. In this
model, it has been assumed that there is a narrow groove in the
surface. Thus the sheet is composed of a safe area and a groove
area which are denoted by ‘‘a’’ and ‘‘b’’, respectively. This
groove leads to localized necking in the sheet (see Fig. 1). For
modeling the groove, an imperfection factor is introduced
which represents the thickness ratio f = tb/ta, where ‘‘t’’ denotes
the thickness. Imposing of stress components at rolling and
transverse directions in the safe area causes the progression of
strain increments in both the safe and groove areas.

Necking occurs when the effective strain in the groove area
is 10 times of that in the safe area (Ref 10, 13-15). During the
entire process, the force equilibrium equations at groove
direction must be satisfied as follows:

F a
nt ¼ F b

nt
F a

nn ¼ F b
nn

ðEq 1Þ

Here Fnn and Fnt are forces in the normal and tangential
directions in the groove. By introducing the stress state in these
areas, Eq 1 could be rewritten as follows:

ra
nt expðea

3Þta
0 ¼ rb

nt expðeb
3Þtb

0

ra
nn expðea

3Þta
0 ¼ rb

nn expðeb
3Þtb

0

ðEq 2Þ

where rnn and rnt are stress components in the ‘‘n’’ and ‘‘t’’
directions, ta0 and tb0 are initial thicknesses in the safe and
groove regions, respectively. Imperfection factor f can be
expressed as a function of the initial defect:

f ¼ f0 expðeb
3 � ea

3Þ ðEq 3Þ

Herein f0 is the initial imperfection factor and denoted by tb0=t
a
0,

and e3 is the strain in thickness direction calculated by
incompressibility condition:

e3 ¼ �ðe1 þ e2Þ ðEq 4Þ

Thus, force equilibrium conditions are summarized as
follows:

f rb
nn ¼ ra

nn
f rb

nt ¼ ra
nt

ðEq 5Þ

It is assumed that the strain increments parallel to the groove
are the same in both regions:

deb
tt ¼ dea

tt ðEq 6Þ

Using flow rule, the strain increment components are related
to the effective strain increment and stress state as follows:

deij ¼ d�e
@�ry

@rij
ðEq 7Þ

Thus, the unknown parameters in the groove zone are
stress components rb

nn;r
b
tt;r

b
nt and effective strain increment

d�eb.

3. System of Equations

For calculating the limit strains, it is required to calculate the
strain and stress components in the safe region. This region is
loaded under constant stress relation with the ratio a. For this
purpose, a value for a between 0 and 1 is selected and this
value must remain constant at entire time during each loading
stage. At starting, a small value for effective strain increment
d�ea (for example 0.0001) is selected. Substituting the effective
strain in the hardening law, the effective stress �rY is obtained.
Since the effective stresses from hardening law and yield
function must be equal, ra

x and ra
y can be obtained. A

relationship between effective strain and effective stress is
represented by the Swift relation:

�rY ¼ Kðe0 þ �eÞnð _�eÞm ðEq 8Þ

where K is the strength coefficient, e0 the pre-strain, n the
hardening law exponent and m is the strain rate sensitivity.
Using the assumed d�ea in the flow rule, stress and strain
components are calculated. Using the rotation matrix, T, the
strain and stress tensors are transformed to the groove system of
coordinates:

Fig. 1 Schematic of the M-K model on prediction of FLD
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rntz ¼ TrxyzTT

¼
rnn rnt

rnt rtt

� � ðEq 9Þ

with,

T ¼ cos hð Þ sin hð Þ
�sin hð Þ cos hð Þ

� �
ðEq 10Þ

The unknown parameters in the groove region can be
defined by the variable vector x as

x ¼ ½rb
nn rb

tt rb
nt d�eb �T ðEq 11Þ

Using the compatibility and force equilibrium conditions,
three equations for the vector of functions are obtained. In this
article, the energy relation is used as Eq (4):

deb
nnr

b
nn þ deb

ttr
b
tt þ deb

ntr
b
nt ¼ d�eb �rY ðEq 12Þ

Thus, vector of functions, F is introduced as follows:

F ¼ ½ F1 F2 F3 F4 �T ðEq 13Þ

where

F1 ¼
deb

nnr
b
nn þ deb

ttr
b
tt þ deb

ntr
b
nt

d�eb �rY
� 1 ¼ 0 ðEq 14Þ

F2 ¼
deb

tt

dea
tt
� 1 ¼ 0 ðEq 15Þ

F3 ¼ f
rb

nn

ra
nn
� 1 ¼ 0 ðEq 16Þ

F4 ¼ f
rb

nt

ra
nt
� 1 ¼ 0 ðEq 17Þ

Localized necking in sheet metal is caused when the
equivalent strain increment in groove zone becomes 10 times of
that in the safe region. Calculation of limit strains is repeated
for different values of h between 0� and 90�. For such
calculation, the following formula is used:

tan hþ dhð Þ ¼ 1þ dea
1

1þ dea
2

tan hð Þ ðEq 18Þ

Minimum value of major localization strain is selected
among the calculation loops by variation of h. The selected
minimum strain for any value of a is used in the FLD.

4. Application of Newton�s Method

There are several common methods for finding the root of a
general nonlinear equation f(x) = 0. Bisection, false position,
secant, Bus and Dekker, and Newton-Raphson methods are
some of the examples (Ref 16). Based on comparisons between
these methods (Ref 16), the best technique for solving system
of nonlinear equations is Newton�s method. Thus in the present
work, this method has been adopted and its implementation is
briefly discussed as the following. Consider N functions Fi

involving variables xi, i = 1,2,...,N as follow:

Fiðx1; x2; . . . ; xN Þ ¼ 0 i ¼ 1; 2; . . . ;N : ðEq 19Þ

By using Taylor series, functions Fi can be expanded as
follows:

F xþ dxð Þ ¼ F xð Þ þ J � dxþ Oðdx2Þ ðEq 20Þ

where J is the matrix of partial derivatives and is called the
‘‘Jacobian’’ matrix.

Jij ¼
@Fi

@xj
ðEq 21Þ

By neglecting terms of order dx2 and higher and by setting
F xþ dxð Þ ¼ 0, one obtains set of nonlinear equations:

J � dxþ F ¼ 0 ðEq 22Þ

or,

dx ¼ �J�1 � F ðEq 23Þ

Then, the variable dx is added to the solution vector:

xnew ¼ xold þ dx ðEq 24Þ

To exit the Newton�s calculation loops, it is required to
define a criterion. In the present formulations, there exists a
vector of function which has four components. All components
of this vector have the same important rank. Thus, the
maximum value among these components has been selected
to be compared with the tolerance in the Newton�s loop, i.e.

Fk k1¼ max
4

i¼1
Fij j ðEq 25Þ

this is called ¥-norm.

5. Convergence Criterion

The convergence of Newton�s method significantly depends
on the initial guess. If the initial guess is not sufficiently close
to the root, Newton�s method for solving nonlinear equations is
not successful. Figure 2 depicts the state of nonconverging
situation in the Newton�s iterational method. As the figure
shows the value of strain ratio never reaches the critical limit
‘‘10’’ and therefore no solution can be obtained.

To overcome this problem and for the purpose of global
convergence, a ‘‘backtracking’’ algorithm has been developed
and added to the Newton�s method. This special algorithm

Fig. 2 The state of nonconverging problem in solution to FLD
when Newton�s method is applied alone
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combines the rapid local convergence of Newton�s method with
a global-convergent strategy that will guarantee some progress
toward the solution at each iteration. Based on this concept, Eq
(24) is changed to the following form:

xnew ¼ xold þ kdx 0< k � 1 ðEq 26Þ

where k is the step size and the vector dx is the direction of
Newton�s step. The aim in the backtracking algorithm is to find
acceptable k. It is required to identify a criterion which the
convergence can be investigated. For this purpose, the function
g is defined as follows:

g ¼ F � F ðEq 27Þ

To find an acceptable k, it is required the function g
decreases by Newton�s steps. In every solution to (19), there
may be local minima of (27) that are not solutions to (19). In
this article the strategy of finding k has been improved as
follow:

rg � dx ¼ ðF � JÞ � ð�J�1 � FÞ ¼ �F � F< 0 ðEq 28Þ

Due to the descent direction of the Newton�s step, finding an
acceptable step is guaranteed by backtracking along the
Newton�s step. The goal of backtracking algorithm is to move
to a new point xnew with the step size k along the direction of
the Newton�s step dx so that gðxold þ kdxÞ decreases suffi-
ciently. The backtracking algorithm has been accomplished as
follows: first select k ¼ 1 as the full Newton�s step. This will
lead to convergence when x is sufficiently close to the solution.
However, gðxold þ kdxÞ must meet the acceptance criteria. For
this case, Armijo (Ref 17) believes that the rate of decrease of
gðxÞ, i.e. gðxnewÞ � gðxoldÞ, to be at least some fraction c of
rgðxÞ � dx. Therefore, the condition for finding the optimum
solution can be described by the following relation:

gðxnewÞ � gðxoldÞ þ crgðxÞ � ðxnew � xoldÞ ðEq 29Þ

The parameter c ranges between 0 and 1. Typically, small
value of c, for example c ¼ 10�4 is a good selection (Ref 18).
If gðxold þ kdxÞ does not meet the proposed criteria, a smaller
value of k is selected. Based on the above explanation, a
practical backtracking algorithm can be described as follow:

hðkÞ ¼ gðxold þ kdxÞ ðEq 30Þ

Therefore,

h0ðkÞ ¼ rg � dx ðEq 31Þ

The algorithm starts with h(0) and h¢(0) which are available.
The first step is always the Newton�s step, k ¼ 1. If this step is
not acceptable, h(1) is available as well. Considering hðkÞ as a
quadratic function:

hðkÞ ¼ hð1Þ � hð0Þ � h0ð0Þ½ �k2 þ h0ð0Þkþ hð0Þ ðEq 32Þ

Taking the derivative of this quadratic function shows there is a
minimum when:

k ¼ �h0ð0Þ
2 hð1Þ � hð0Þ � h0ð0Þ½ � ðEq 33Þ

On the second and subsequent backtracks, h as a cubic in k is
modeled.

hðkÞ ¼ ak3 þ bk2 þ h0ð0Þkþ hð0Þ ðEq 34Þ

Using the previous value hðk1Þ and the second most
recent value hðk2Þ provide two equations to obtain constants a
and b:

a
b

� �
¼ 1

k1 � k2

1
k2
1

� 1
k2
2

� k2

k2
1

k1

k2
2

" #
hðk1Þ � h0ð0Þk1 � hð0Þ
hðk2Þ � h0ð0Þk2 � hð0Þ

� �

ðEq 35Þ

The minimum of the cubic (34) is at

k ¼ �bþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 3ah0ð0Þ

p
3a

b � 0 ðEq 36Þ

when b> 0 the minimum of the cubic (34) is at

k ¼ �h0ð0Þ
bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 3ah0ð0Þ

p b > 0 ðEq 37Þ

If a = 0 the minimum is obtained from the following formula:

k ¼ � h0ð0Þ
2b

ðEq 38Þ

When the backtracking algorithm is applied to the FLD
prediction process, the nonconvergence problem of Newton�s
method is eliminated. Figure 3 shows how the nonconverging
problem in Fig. 2 is eliminated when the backtracking
algorithm is applied to the Newton�s method.

Fig. 3 Effects of backtracking algorithm on converging of the solution to the nonlinear formulations in FLD
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6. Results and Discussions

To examine the capability of the developed algorithm in the
Newton�s method, prediction of FLD in AK steel has been
selected as the case study. The adopted yield function in this
work is BBC2000 (Ref 19). The formulation of this function
can be written as follows:

�ryða; b; c;M ;N ; P ;Q;R; k;rijÞ

¼ a � bCþ cWð Þ2kþa � bC� cWð Þ2kþ 1� að Þ � 2cWð Þ2k
h i1=2k

ðEq 39Þ

C ¼ Mr11 þ Nr22;

W ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pr11 þ Qr22ð Þ2þRr12r21

q
:

ðEq 40Þ

where a, b, c, M, N, P, Q, R, k are anisotropy coefficients. The
material constants describing the yield function and hardening
law for AK steel are shown in Tables 1 and 2.

Figure 4 shows the FLD of AK steel. The value of
imperfection factor has been selected as 0.9990. As shown in
Fig. 4, the FLD in the left-hand side is almost linear. The left-
hand side of FLD and FLD� are independent of selection of
yield function. This is due to act of r1 when r2 and r3 are
almost negligible. In another word, the left-hand side of Fig. 4
is very close to the uniaxial tension test. Where, r2 and r3 are
so little and their relations with r1 are not significant. Which
means the result is not very sensitive to the yield function. But
we have found the right-hand side of FLD enormously depends
on the selection of yield function.

In fact, Fig. 2 shows the process of calculating one point of
FLD in AK steel when the backtracking algorithm has not been
applied to the FLD solution. Applying the backtracking
algorithm increases the number of iterations. For example, by
considering Fig. 3, for the same point on FLD about 5100
iterations are needed to reach the solution.

As mentioned, for obtaining one point of FLD, it is required
to consider all groove angles between 0� and 90�. The limit
strain as a candidate point on FLD is the minimum of all
calculated limit strains for all groove angles. As shown in
Fig. 5, on right-hand side of FLD, the candidate limit strains
occur at zero groove angles. It means for computation of limit
strain at right-hand side of FLD, it is enough to accomplish the
calculation only for zero groove angles. In this case the groove
direction is normal to the rolling direction. But on the left-hand
side of FLD, depends on the material constants, local neck
occurs at zero extension. At this direction, one of the nonshear
strain components becomes zero.

The components of strain tensor at groove direction are
obtained as follows:

e11 e12
e12 e22

� �
¼

cos h � sin h

sin h cos h

� �T e1 0

0 e2

� �
cos h � sin h

sin h cos h

� �

¼ e1 cos2 hþ e2 sin
2 h ðe2 � e1Þ sin h cos h

ðe2 � e1Þ sin h cos h e2 cos2 hþ e1 sin
2 h

" #

ðEq 41Þ

Zero extension occurs when e22 ¼ 0, i.e.

e2 cos
2 hþ e1 sin

2 h ¼ 0 ðEq 42Þ

or,

tgh ¼
ffiffiffiffiffiffiffiffiffi
� e2

e1

r
¼ ffiffiffiffiffiffiffi�q
p ðEq 43Þ

This angle shows the direction of zero extension. Thus
the FLD calculation procedure for left- and right-hand sides

Table 1 The material constants describing the hardening
law

Material K (MPa) e0 n m

AK Steel 426.2 0.00173 0.228 0.015

Table 2 The material constants describing the yield
function

Material a b c k M N P Q R

AK Steel 0.645 0.867 0.771 3 0.468 0.434 0.729 -0.712 1.81
Fig. 5 Effect of groove orientation on the prediction of FLD

Fig. 4 Comparison of the predicted FLD with the experimental re-
sults (Ref 15) in AK steel
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are simplified. On the right-hand side of FLD, limit strains
are obtained for zero groove angles. On the left-hand side
of FLD with specified strain path q, first the groove angle
is calculated and then the limit strain for this angle is
obtained.

7. Summary

In this article, to predict the FLD, ‘‘Marciniak and
Kuczynski’’ model has been used. The numerical technique
used for solution of the nonlinear equations is Newton�s
method. To eliminate the nonconverging problem of the
Newton�s method, a particular backtracking algorithm has been
developed and implemented. This algorithm guaranteed the
convergence of solution. Applying this algorithm to the FLD
formulation, the numerical process becomes very robust which
can be used for any types of yield functions. Among the yield
functions, for the case of AK steel, BBC2000 resulted an FLD
with good agreement with the experimental results. Also the
necking direction on the left- and right-hand sides of FLD
appears with different angles. For all limit strains at the right-
hand side of FLD, necking occurs at zero groove angles. But
any limit strain at the left-hand side of FLD depends on the
strain path.
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